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Attractor splitting induced by resonant perturbations
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We present experimental and numerical results which demonstrate that the so-called nonfeedback control of
chaos fundamentally changes the nature of nonautonomous systems. We show that additional weak resonant
perturbationgi) induce bistability, splitting the primary attractor into two new ones, @ndshift all bifurca-
tion points for these two coexisting attractors in opposite directions as the perturbation amplitude changes.
Both perturbation-induced bistability and shift strongly depend on the phase difference between the perturba-
tion and fundamental frequencid§1063-651X97)08008-3

PACS numbd(s): 05.40:+j, 42.55.Lt

The effect of resonant perturbations on the dynamics ofvere applied to the modulator providing the time-dependent
nonlinear systems has attracted much attention recently. Thisavity losses. The driving signaV,(t)cos(27ft), had the
is motivated by the fact that weak periodic perturbations at d&requencyf=160 kHz and the amplitud¥,(t), which was
subharmonic frequency, used in the so-called nonfeedbadkeriodically changed by a triangle law with a frequency 30
control technique, can suppress chab$ Recently[2], it  Hz. The perturbation signaV,(cosrft+¢), had the fre-
has been experimentally demonstrated with a loss-modulategbencyf/2, an amplitude/,, and a phase. The relaxation-
CO, laser that resonant perturbations, depending on thei@scillation frequencyf, was about 100 kHz and thus, the
phase and amplitude, can suppress not only chaos but amgtio m=f/f, was approximately 1.6. The laser response was
periodic orbit, or induce chaos and a crisis of strange attracdetected with a CdHgTe detector and the bifurcation dia-
tors[3]. Up to now the main attention has been paid to thegrams were recorded by a Tektronix 2440 digital oscillo-
guestion of how resonant perturbations modify the dynamicscope. We used the technique of stroboscopic data recording
of nonlinear systems. This raises another question, namelwith a sampling period of ¥ (T=1/f).
whether the system itself is essentially modified by introduc- In numerical simulations we used the following two-level
ing the weak resonant perturbation. By essential modificarate-equation laser modgf]:
tions we mean the appearance of new attractors in the system

induced by weak resonant perturbations. Recddilyit has ﬂ: 1 d_Y_ B B

been theoretically shown from an analysis of a logistic map a7 T G =0omy)yuy, @
that feedback contrdls] may induce new attractors in opti-

cal systems. where

In this paper we show, both experimentally and numeri-
cally, that weak parametric perturbations at subharmonic fre-
quency(i) induce bistability in the system, so that instead of
one primary(initial) attractor at least two attractors appear in — _ _
the systen{moreover, these new attractors appear just above 9 ; gcogm(2n=DFt), n=1,...12. (3
the first shifted bifurcation point and (ii) shift all bifurca-
tion points belonging to these new branches in opposite di- Hereu is proportional to the radiation density,andy,
rections as the perturbation amplitude changes. This mear@e the gain and the unsaturated gain in the active medium,
that resonant perturbations produce simultaneously a stabiespectively,r is half round-trip time of light in a resonator,
lizing effect on one attractor, as was observed in experimentg is the gain decay ratd, is the total cavity losses, is the
dealing with chaos suppression, and a destabilizing effect oponstant part of the lossds, is the driving amplitudek, is
the other attractor. We also demonstrate that bistability anthe perturbation amplitudeg is the perturbation phasg(t)
shift of the bifurcation diagrams strongly depend on thedescribes the shape of the driving amplitude by a triangle
phase difference between perturbation and fundamental fréaw, where the coefficientg, were calculated from the Fou-
guencies. rier transform of the triangle shapg, is the frequency of a

Our investigations were performed on a €@ser with  slowly varying triangle envelope of the driving amplitude.
modulated losses via an acousto-optic modulator inserted ifhe following fixed parameters were used throughout our
the laser cavity. The experimental arrangement is similar t@alculations: 7=3.5x10"° s, y=1.978<10° s 1,
that described in previous workg,6]. Two electric signals yy=0.175, ky=0,17 303,F=30 Hz, m=1.6. The param-

etersky, k,, ande were varied in our numerical simulations.
First, let us describe the results of the computer simula-
*On leave from B.l. Stepanov Institute of Physics, Academy oftions. Figure 1 shows typical bifurcation diagrams of a
Sciences, Belarus, 220072 Minsk. Electronic addressmodulated CQ laser obtained from rate equatio(l® with
Imk@dragon.bas-net.by triangle sweepind3) of the driving amplitude, and strobo-
TFax:+34-3-5812155. Electronic address: corbalanr@cc.uab.es scopic sampling of the data. Figuréal corresponds to for-

k=ko+k;g(t)cog 27 ft) +kycod wft+ @), 2
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LASER INTENSITY (arb. units)
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FIG. 2. A part of the bifurcation diagram at reverse sweep of the
driving amplitude vs time(in units of the modulation period)
showing the splitting of a primary solution. Curve 0 is without
perturbation, curves 1 and 2 are with a perturbation
(k,=5.25x10°°, k;=5.6x10"3, ¢=0).

LASER INTENSITY (arb. units)

the first three bifurcation points. When the driving amplitude
reaches some critical value, which depends on the perturba-
! tion amplitude, solution-1 undergoes an inverde-Z bifur-
. i L S cation and becomes an unstaBlgeriodical solution. After
0 0.2 0.4 0.6 f[hat the system rather _quickly approac_hes the other coexist-
BIFURCATION PARAMETER (arb. units) ing stable solunor(solutlo'n.—a, by changing the phase in the
_ ) o response byr. This transition corresponds to a new location
_FIG. 1. Numerical bifurcation diagrams for a G@aser vs the  of the first bifurcation point shifted by the resonant perturba-
driving amplitude at forward and reverse swee@:without per- o Thys, rather weak resonant perturbations induce bista-
turbation, (b) and (c) in the presence of the perturbation i st above the first shifted period doubling bifurcation
(kp=5.25¢10"7 k;=5.6x10°% ¢=0). point and therefore drastically changes the nature of the sys-
tem. At the upper-left hand side of Fig. 2, it is also seen that
ward and reverse sweeps of the driving amplitude withouthe resonant perturbation pushes the bifurcation points be-
perturbation k,=0) and shows a dynamical distortion of the longing to these new solutions in opposite directions.
bifurcation diagram due to sweep effects, which have been Figure 3 shows the effect of periodic perturbations with
studied earlier, both theoreticall§] and experimentally9].  different amplitudes and phases on both coexisting solutions.
When a weak resonant perturbation of frequefitd/is in-  Only one period of the slow periodic shape of the driving
troduced, the primary solution splits into two solutions, amplitude is showriFig. 3(@]. The system periodically al-
which appear for the reverse sweep of the driving modulaternates in time between two solutions. Such a periodic al-
tion. These two solutions are shown separately in Figs. 1 ternation in the laser response is obtained from direct com-
and c), respectively. It is seen in Fig.()) that the re- puter simulations, and can therefore be considered as a
sponses for forward and reverse sweeps do not coincide. Thtural temporal evolution of the system. In order to simplify
system comes back to the initial value of the driving ampli-Fig. 3, the part of solution-2 which coexists with solution-1
tude (k,=0) via a path which is different from the one in the is not shown. As the perturbation amplitude increg$esn
forward sweep. Such a behavior is the one which appearsig. 3(b) to Fig. 3d)], all bifurcation points of solution-1 are
most often in computer simulations. At the same time thereshifted to a higher value of the driving amplitude and chaos
exists the second solution shown in Figc)l In this case the in solution-1 disappearfFigs. 3c) and 3d)]. But at the
laser responses for reverse and forward sweeps practicalame time all bifurcation points of solution-2 shift in an
coincide for bifurcation parameters ranging from 0 to 0.35.0pposite direction towards lower values of the driving am-
At the latter value the 2—4T bifurcation occurs and above plitude as the perturbation increases and one can see, in Fig.
it the dynamical distortion shows up. Because of this, we3(d), the appearance of chaos. Thus, we can state that the
may consider these responses for forward and reverse sweegsonant perturbation produces simultaneously stabilizing ef-
in Fig. 1(c) as belonging to the same solution. In order tofects on one attractor and destabilizing effects on the other
find this second solution in computer simulations weone. A further increase of the perturbation amplitude leads to
changed initial conditions. Figure 2 more clearly displays thea reduction of the parameter range of the driving amplitude
splitting of the primary solution into two new solutions near where solution-1 exists. At some critical value lof (this
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TIME (units of the shape period 1/F)

FIG. 3. Numerical bifurcation diagrams for a G@aser vs time
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= FIG. 4. The phase dependence of the shift of the first period
u|_J B (d) doubling bifurcation point obtained numericallgormalized to the
Z threshold of period doubling with zero applied perturbation
o ky=5.6X10"%, k,=2.1x 10 %,
Ll
/)] .
< perturbation phase (e.g.,a=0.82 atp=0° anda=0.71 at
- - (e) ¢=120°,F=30 H2 and also depends on the frequericy
In the second region for the perturbation amplitude going
L—=__ from 5x 1072 to 0.125< 10 2 the shift is approximately pro-
portional to expBk,), where g is also am-periodical func-
tion (e.g.,8=18.7 ato=0° andB8=20.8 atp=120°,F=30
- () Hz), but contrary to the first region, it almost does not de-
pend on the sweeping frequen&y Really, these scaling
: properties cannot be considered as exact scaling laws for the
0 : 05 shift because the power in scaling laws depends on the range

of the perturbation amplitude where they are derived. How-
ever, the scaling properties found may be valid for other
nonautonomous systems if operating in the same ranges of

for different values of the perturbation amplituklg and phasep normalized perturbatiqn amp!itUde- The scaling laws may be
with a triangle shape of the driving amplitude shown (@.  derived more exactly in the limf—0.

k;=5.6x10"3. (b), (c), and (d) ¢=0, k,=7x107%, 3.5x10 4,

It is worth noting that the presence of the resonant pertur-

and 5.43 1074, respectively.(e) and (f) k,=2.1x10"%, ¢=22°  bation changes the power in the scaling law which relates the

and 120°, respectively.

critical value essentially depends on thethe two attractors
merge into a single one. For a given perturbation amplitude,
the change in the phase frope=22° (where the minimal
shift is observefto ¢=120° strongly increases the shift of
the bifurcation pointgFig. 3(e) and 3f)]. For a quantitative
characterization we show dependences of the shift of the first
period doubling bifurcation point as a function of the phase
¢ (Fig. 4 and the perturbation amplitude [Fig. 5, ate=0
(curve 1 and ¢=27/3 (curve 2, respectively. The phase
dependence of the shift is@periodical function and bears
similarities to the phase dependence of a small signal ampli-
fication[10]. It should be noted that dependence of the shift
on the perturbation amplitude cannot be characterized by a
simple scaling law throughout the entire range of change of
the perturbation amplitude. However, it is possible to distin-
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Perturbation amplititude (norm. units)
guish two regions of the perturbation amplitude where some g 5. ghift of the first period doubling bifurcation point as a
scaling properties may be derived from the numerical datagnction of the perturbation amplitude for different values of the

In the first3 region for th92 perturbation amplitude going from phasey obtained numerically. Shift is normalized to the threshold
6.25< 10~ to 3.75< 10~ (herek, normalized to the value of period doubling with zero applied perturbatida.=5.6x 102,

of the driving amplitudek,), the shift is approximately pro- k, is normalized to the value of the driving amplitullg curve 1
portional toks, where« is a mr-periodical function of the — ¢=0°, curve 2 —¢=120° .
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DERIVATIVE OF I(t) (arb. units)
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TIME (units of the shape period 1/F)
.-~.-,~*-'“»>_,L\ 2 (d) g "‘. FIG. 7. The time derivative of experimental bifurcation dia-
s gl - - grams of a CQ laser vs time for two values of the perturbation

phase¢ which differ approximately byz/3 (V,=4 V).

s _V)....//\\ shape period F) for different values of the amplitude of the

resonant perturbation at the frequerfé¢g. In order to more
) 2 D \/ Do clearly reveal the location of all bifurcation points we repre-
A sent the time derivative of the bifurcation diagrams. In the
absence of the perturbation, the diagram in Fidp) 8hows
delayed bifurcations at a forward sweep with respect to a

TIME DERIVATIVE OF LASER INTENSITY (arb. units)

) . S reverse sweep. When we introduce the perturbation, one
’ el s’ . - clearly seesi) the appearance of two branchasich for the
amand 1 fom reverse sweep look very similar to the solutions obtained
0 0.5 1 numerically (compare Fig. 3 and Fig.)fand, correspond-
TIME (units of the shape period 1/F) ingly, the appearance of bistabilityii) the transition be-

tween two coexisting branches with7a phase shift in the

FIG. 6. The time derivative of the experimental bifurcation dia- laser response, that corresponds to reaching the unstable
grams of a CQ laser vs time for different values of the perturbation orbit in the first branch, andii) opposite shifts of all bifur-
amplitude V, at the frequencyf/2 with a triangle shape of the cation points belonging to these two different coexisting at-
driving amplitudeV; (a). (b) V,=0 (without perturbation (c)  tractors, so that the first attractor is stabilized while the sec-
V=25, (d) V,=5V, and(e) V,=9V. Here ¢=0. ond one is destabilized as the perturbation amplitude

increaseqFigs. Gc)—6(e)]. We also found experimentally

delay of the first bifurcation to the frequency of the slowly that the shift strongly depends on the perturbation phase
varying shape(or sweep rate of the driving amplitude. (Fig. 7) and amplitude(Fig. 8). For the given perturbation
Kapral and Mandel have predicted for the nonautonomouamplitude the maximal shift was observedget120°, and
guadratic map that this delay is proportional to the squarghe minimal shift was observed gt=25°, these are in a
root of the sweep rate of the control paramd@} In our good agreement with theoretical predictions. We also
computer simulations we explored a range of frequengies checked experimentally that dependence of the shift on the
from 1 Hz — 40 Hz, and we found that without perturbation phase¢ is a mw-periodical function. In our experiments we
the delays is proportional toF 7, where = 0.51, that prac- did not know exactly the amplitude of the losses perturbation
tically coincides with this theoretical prediction. With the (k) and, as a consequence, we could not make a direct
resonant perturbations at frequenff2 the delayéd is also  comparison of the experimental shift as a function of the
proportional toF 7, but in this casey; is a w-periodical func-  applied perturbation voltage/g) with the numerical results.
tion of the perturbation phase and slightly also depends on But similar to the numerical results, we distinguish two re-
the perturbation amplitud&,. For example, forp=0 the gions where experimental shift may be characterized by
value of 7 is equal=0.64 in the range of perturbation am- some scaling properties. In the first region of applied pertur-
plitudes going from 6.2510 ° to 6.25x10 2, and 7% bation voltageV/, going from 0.1 V-4.5 V, the experimental
=0.667 fork,=0.125. shift is approximately proportional té5 with «=0.71, and

Although we are not seeking here for a quantitative agreein the second region o¥, from 5 V-9.9 V the shift is
ment between theory and experiment, the experimental inapproximately proportional to exg{,) with 8=14.5. Both
vestigations gualitatively confirm all the main conclusionsvalues are rather close to the numerical results.
obtained from numerical simulations. Figure 6 shows experi- In order to prove the appearance of bistability, not only in
mental bifurcation diagrams versus ting@ units of the the dynamical regime so far discussed, we performed well-
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tion point as a function of the perturbation amplitudg for ¢=0. FIG. 9. Experimental switchings between coexisting attractors
in the bistability domain induced by the resonant perturbation at the

L . . - .. frequencyf/2. (@) Initial state (without perturbation aftf/2), (b
controlled switchings in the bistability domain induced by for\(/qvard sywitchi(ng); andc) rever(se switcr?ing. ). (b

the resonant perturbation also in the case of a constant driv-
ing amplitude. For this purpose the technique of short-lived
losses perturbation was uséil]. Acting by single short- To conclude, we have shown that weak resonant pertur-
lived loss perturbation we may switch from one attractor toPations fundamentally modify the natutphase spageof
the other one and vice versa. The effect of a short-lived los@onautonomous systems by splitting a primary attractor into
perturbation is equivalent to a change in initial conditions.!W0 new ones. We have also demonstrated that they simul-
This means that the system can be sent, instantaneously &§1€0usly produce a stabilizing effect on one attractor and a
compared to characteristic times of the system, from the firsgestabilizing effect on the other one. It is particularly re-

attractor to the basin of attraction of the second attractor, sg'@rkable that by introducing weak parametric perturbation,
that the latter may appear in the response. In Fig) e  ©ON€ obtains a completely different system, with the possibil-

show the initial 2T orbit without resonant perturbation at ¥y to control at will the overlapping of dynamical regimes
frequencyf/2 with a short transient after the acticime ar- assog:lated with new coexisting attractors, by. changing the
row in Fig. 9 of a short-lived losses perturbation. For these@MPlitude and the phase of resonant perturbations, as well as
experimental conditions we found only one attractor. Afterth€ bifurcation parameter. Switchings between these two co-
turning on the resonant perturbation at the frequefiy existing attractors can be easily produced using the technique
bistability appears in the system. Figurés)gand 9c) show of short-lived large-amplitude perturbations as shown here.
forward and reverse switchings between the two coexisting V.N.C. is indebted to the DGICYTSpain for a grant
attractors which appeared instead of the primary attracto{Grant No. SB94-A2h A.N.P. acknowledges support from
Similar switchings were observed for wide ranges of valueghe Generalitat de Catalunya. Financial support from the
of the bifurcation parameter, and of the amplitudes andGICYT (Project No. PB95-0778-C02-D%s also acknowl-

phases of resonant perturbations. edged.
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