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Attractor splitting induced by resonant perturbations

V. N. Chizhevsky,* R. Corbala´n,† and A. N. Pisarchik*
Departament de Fı´sica, Universitat Auto`noma, de Barcelona, E-08193, Bellaterra (Barcelona), Spain

~Received 3 March 1997!

We present experimental and numerical results which demonstrate that the so-called nonfeedback control of
chaos fundamentally changes the nature of nonautonomous systems. We show that additional weak resonant
perturbations~i! induce bistability, splitting the primary attractor into two new ones, and~ii ! shift all bifurca-
tion points for these two coexisting attractors in opposite directions as the perturbation amplitude changes.
Both perturbation-induced bistability and shift strongly depend on the phase difference between the perturba-
tion and fundamental frequencies.@S1063-651X~97!08008-2#

PACS number~s!: 05.40.1j, 42.55.Lt
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The effect of resonant perturbations on the dynamics
nonlinear systems has attracted much attention recently.
is motivated by the fact that weak periodic perturbations a
subharmonic frequency, used in the so-called nonfeedb
control technique, can suppress chaos@1#. Recently@2#, it
has been experimentally demonstrated with a loss-modul
CO2 laser that resonant perturbations, depending on t
phase and amplitude, can suppress not only chaos but
periodic orbit, or induce chaos and a crisis of strange att
tors @3#. Up to now the main attention has been paid to
question of how resonant perturbations modify the dynam
of nonlinear systems. This raises another question, nam
whether the system itself is essentially modified by introd
ing the weak resonant perturbation. By essential modifi
tions we mean the appearance of new attractors in the sy
induced by weak resonant perturbations. Recently@4#, it has
been theoretically shown from an analysis of a logistic m
that feedback control@5# may induce new attractors in opt
cal systems.

In this paper we show, both experimentally and nume
cally, that weak parametric perturbations at subharmonic
quency~i! induce bistability in the system, so that instead
one primary~initial! attractor at least two attractors appear
the system~moreover, these new attractors appear just ab
the first shifted bifurcation point!, and ~ii ! shift all bifurca-
tion points belonging to these new branches in opposite
rections as the perturbation amplitude changes. This me
that resonant perturbations produce simultaneously a s
lizing effect on one attractor, as was observed in experime
dealing with chaos suppression, and a destabilizing effec
the other attractor. We also demonstrate that bistability
shift of the bifurcation diagrams strongly depend on t
phase difference between perturbation and fundamental
quencies.

Our investigations were performed on a CO2 laser with
modulated losses via an acousto-optic modulator inserte
the laser cavity. The experimental arrangement is simila
that described in previous works@2,6#. Two electric signals
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were applied to the modulator providing the time-depend
cavity losses. The driving signal,V1(t)cos(2pft), had the
frequencyf 5160 kHz and the amplitudeV1(t), which was
periodically changed by a triangle law with a frequency
Hz. The perturbation signal,V2(cospft1w), had the fre-
quencyf /2, an amplitudeV2, and a phasew. The relaxation-
oscillation frequencyf r was about 100 kHz and thus, th
ratio m5 f / f r was approximately 1.6. The laser response w
detected with a CdHgTe detector and the bifurcation d
grams were recorded by a Tektronix 2440 digital oscil
scope. We used the technique of stroboscopic data recor
with a sampling period of 7T (T51/f ).

In numerical simulations we used the following two-lev
rate-equation laser model@7#:

du

dt
5t21~y2k!u,

dy

dt
5~y02y!g2uy, ~1!

where

k5k01k1g~ t !cos~2p f t !1k2cos~p f t1w!, ~2!

g~ t !5(
n

gncos@p~2n21!Ft#, n51, . . .,12. ~3!

Hereu is proportional to the radiation density,y and y0
are the gain and the unsaturated gain in the active med
respectively,t is half round-trip time of light in a resonator
g is the gain decay rate,k is the total cavity losses,k0 is the
constant part of the losses,k1 is the driving amplitude,k2 is
the perturbation amplitude,w is the perturbation phase,g(t)
describes the shape of the driving amplitude by a trian
law, where the coefficientsgn were calculated from the Fou
rier transform of the triangle shape,F is the frequency of a
slowly varying triangle envelope of the driving amplitud
The following fixed parameters were used throughout
calculations: t53.531029 s, g51.9783105 s21,
y050.175, k050,17 303,F530 Hz, m51.6. The param-
etersk1, k2, andw were varied in our numerical simulations

First, let us describe the results of the computer simu
tions. Figure 1 shows typical bifurcation diagrams of
modulated CO2 laser obtained from rate equations~1! with
triangle sweeping~3! of the driving amplitude, and strobo
scopic sampling of the data. Figure 1~a! corresponds to for-
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56 1581ATTRACTOR SPLITTING INDUCED BY RESONANT . . .
ward and reverse sweeps of the driving amplitude with
perturbation (k250) and shows a dynamical distortion of th
bifurcation diagram due to sweep effects, which have b
studied earlier, both theoretically@8# and experimentally@9#.
When a weak resonant perturbation of frequencyf /2 is in-
troduced, the primary solution splits into two solution
which appear for the reverse sweep of the driving modu
tion. These two solutions are shown separately in Figs. 1~b!
and 1~c!, respectively. It is seen in Fig. 1~b! that the re-
sponses for forward and reverse sweeps do not coincide.
system comes back to the initial value of the driving amp
tude (k150) via a path which is different from the one in th
forward sweep. Such a behavior is the one which appe
most often in computer simulations. At the same time th
exists the second solution shown in Fig. 1~c!. In this case the
laser responses for reverse and forward sweeps practi
coincide for bifurcation parameters ranging from 0 to 0.3
At the latter value the 2T–4T bifurcation occurs and abov
it the dynamical distortion shows up. Because of this,
may consider these responses for forward and reverse sw
in Fig. 1~c! as belonging to the same solution. In order
find this second solution in computer simulations w
changed initial conditions. Figure 2 more clearly displays
splitting of the primary solution into two new solutions ne

FIG. 1. Numerical bifurcation diagrams for a CO2 laser vs the
driving amplitude at forward and reverse sweeps:~a! without per-
turbation, ~b! and ~c! in the presence of the perturbatio
(k255.2531025, k155.631023, w50).
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the first three bifurcation points. When the driving amplitu
reaches some critical value, which depends on the pertu
tion amplitude, solution-1 undergoes an inverse 2T–T bifur-
cation and becomes an unstableT periodical solution. After
that the system rather quickly approaches the other coe
ing stable solution~solution-2!, by changing the phase in th
response byp. This transition corresponds to a new locatio
of the first bifurcation point shifted by the resonant perturb
tion. Thus, rather weak resonant perturbations induce bi
bility just above the first shifted period doubling bifurcatio
point and therefore drastically changes the nature of the
tem. At the upper-left hand side of Fig. 2, it is also seen t
the resonant perturbation pushes the bifurcation points
longing to these new solutions in opposite directions.

Figure 3 shows the effect of periodic perturbations w
different amplitudes and phases on both coexisting solutio
Only one period of the slow periodic shape of the drivi
amplitude is shown@Fig. 3~a!#. The system periodically al-
ternates in time between two solutions. Such a periodic
ternation in the laser response is obtained from direct co
puter simulations, and can therefore be considered a
natural temporal evolution of the system. In order to simpl
Fig. 3, the part of solution-2 which coexists with solution
is not shown. As the perturbation amplitude increases@from
Fig. 3~b! to Fig. 3~d!#, all bifurcation points of solution-1 are
shifted to a higher value of the driving amplitude and cha
in solution-1 disappears@Figs. 3~c! and 3~d!#. But at the
same time all bifurcation points of solution-2 shift in a
opposite direction towards lower values of the driving a
plitude as the perturbation increases and one can see, in
3~d!, the appearance of chaos. Thus, we can state tha
resonant perturbation produces simultaneously stabilizing
fects on one attractor and destabilizing effects on the o
one. A further increase of the perturbation amplitude lead
a reduction of the parameter range of the driving amplitu
where solution-1 exists. At some critical value ofk2 ~this

FIG. 2. A part of the bifurcation diagram at reverse sweep of
driving amplitude vs time~in units of the modulation periodT)
showing the splitting of a primary solution. Curve 0 is witho
perturbation, curves 1 and 2 are with a perturbati
(k255.2531025, k155.631023, w50).
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1582 56V. N. CHIZHEVSKY, R. CORBALÁN, AND A. N. PISARCHIK
critical value essentially depends on thew) the two attractors
merge into a single one. For a given perturbation amplitu
the change in the phase fromw>22° ~where the minimal
shift is observed! to w>120° strongly increases the shift o
the bifurcation points@Fig. 3~e! and 3~f!#. For a quantitative
characterization we show dependences of the shift of the
period doubling bifurcation point as a function of the pha
w ~Fig. 4! and the perturbation amplitudek2 @Fig. 5, atw50
~curve 1! and w52p/3 ~curve 2!, respectively#. The phase
dependence of the shift is ap-periodical function and bear
similarities to the phase dependence of a small signal am
fication @10#. It should be noted that dependence of the s
on the perturbation amplitude cannot be characterized b
simple scaling law throughout the entire range of change
the perturbation amplitude. However, it is possible to dist
guish two regions of the perturbation amplitude where so
scaling properties may be derived from the numerical d
In the first region for the perturbation amplitude going fro
6.2531023 to 3.7531022 ~herek2 normalized to the value
of the driving amplitudek1), the shift is approximately pro
portional tok2

a , wherea is a p-periodical function of the

FIG. 3. Numerical bifurcation diagrams for a CO2 laser vs time
for different values of the perturbation amplitudek2 and phasew
with a triangle shape of the driving amplitude shown in~a!.
k155.631023. ~b!, ~c!, and ~d! w50, k25731025, 3.531024,
and 5.4331024, respectively.~e! and ~f! k252.131024, w522°
and 120°, respectively.
e,

st
e

li-
ft
a
f

-
e
a.

perturbation phasew ~e.g.,a50.82 atw50° anda50.71 at
w5120°, F530 Hz! and also depends on the frequencyF.
In the second region for the perturbation amplitude go
from 531022 to 0.12531022 the shift is approximately pro-
portional to exp(bk2), whereb is also ap-periodical func-
tion ~e.g.,b>18.7 atw50° andb>20.8 atw5120°,F530
Hz!, but contrary to the first region, it almost does not d
pend on the sweeping frequencyF. Really, these scaling
properties cannot be considered as exact scaling laws fo
shift because the power in scaling laws depends on the ra
of the perturbation amplitude where they are derived. Ho
ever, the scaling properties found may be valid for oth
nonautonomous systems if operating in the same range
normalized perturbation amplitude. The scaling laws may
derived more exactly in the limitF→0.

It is worth noting that the presence of the resonant per
bation changes the power in the scaling law which relates

FIG. 4. The phase dependence of the shift of the first per
doubling bifurcation point obtained numerically~normalized to the
threshold of period doubling with zero applied perturbatio!.
k155.631023, k252.131024.

FIG. 5. Shift of the first period doubling bifurcation point as
function of the perturbation amplitudek2 for different values of the
phasew obtained numerically. Shift is normalized to the thresho
of period doubling with zero applied perturbation.k155.631023,
k2 is normalized to the value of the driving amplitudek1; curve 1
— w50°, curve 2 —w5120° .
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56 1583ATTRACTOR SPLITTING INDUCED BY RESONANT . . .
delay of the first bifurcation to the frequency of the slow
varying shape~or sweep rate! of the driving amplitude.
Kapral and Mandel have predicted for the nonautonom
quadratic map that this delay is proportional to the squ
root of the sweep rate of the control parameter@8#. In our
computer simulations we explored a range of frequencieF
from 1 Hz – 40 Hz, and we found that without perturbati
the delayd is proportional toFh, whereh50.51, that prac-
tically coincides with this theoretical prediction. With th
resonant perturbations at frequencyf /2 the delayd is also
proportional toFh, but in this caseh is ap-periodical func-
tion of the perturbation phasew and slightly also depends o
the perturbation amplitudek2. For example, forw50 the
value ofh is equal.0.64 in the range of perturbation am
plitudes going from 6.2531023 to 6.2531022, and h
.0.667 fork250.125.

Although we are not seeking here for a quantitative agr
ment between theory and experiment, the experimenta
vestigations qualitatively confirm all the main conclusio
obtained from numerical simulations. Figure 6 shows exp
mental bifurcation diagrams versus time~in units of the

FIG. 6. The time derivative of the experimental bifurcation d
grams of a CO2 laser vs time for different values of the perturbatio
amplitude V2 at the frequencyf /2 with a triangle shape of the
driving amplitude V1 ~a!. ~b! V250 ~without perturbation!, ~c!
V252.5V, ~d! V255V, and~e! V259V. Herew50.
s
e

-
n-

i-

shape period 1/F) for different values of the amplitude of th
resonant perturbation at the frequencyf /2. In order to more
clearly reveal the location of all bifurcation points we repr
sent the time derivative of the bifurcation diagrams. In t
absence of the perturbation, the diagram in Fig. 6~b! shows
delayed bifurcations at a forward sweep with respect t
reverse sweep. When we introduce the perturbation,
clearly sees~i! the appearance of two branches@which for the
reverse sweep look very similar to the solutions obtain
numerically ~compare Fig. 3 and Fig. 6!# and, correspond-
ingly, the appearance of bistability,~ii ! the transition be-
tween two coexisting branches with ap phase shift in the
laser response, that corresponds to reaching the unstabT
orbit in the first branch, and~iii ! opposite shifts of all bifur-
cation points belonging to these two different coexisting
tractors, so that the first attractor is stabilized while the s
ond one is destabilized as the perturbation amplitu
increases@Figs. 6~c!–6~e!#. We also found experimentally
that the shift strongly depends on the perturbation ph
~Fig. 7! and amplitude~Fig. 8!. For the given perturbation
amplitude the maximal shift was observed atw>120°, and
the minimal shift was observed atw>25°, these are in a
good agreement with theoretical predictions. We a
checked experimentally that dependence of the shift on
phasew is a p-periodical function. In our experiments w
did not know exactly the amplitude of the losses perturbat
(k2) and, as a consequence, we could not make a di
comparison of the experimental shift as a function of t
applied perturbation voltage (V2) with the numerical results
But similar to the numerical results, we distinguish two r
gions where experimental shift may be characterized
some scaling properties. In the first region of applied pert
bation voltageV2 going from 0.1 V–4.5 V, the experimenta
shift is approximately proportional toV2

a with a>0.71, and
in the second region ofV2 from 5 V–9.9 V the shift is
approximately proportional to exp(bV2) with b>14.5. Both
values are rather close to the numerical results.

In order to prove the appearance of bistability, not only
the dynamical regime so far discussed, we performed w

FIG. 7. The time derivative of experimental bifurcation di
grams of a CO2 laser vs time for two values of the perturbatio
phasew which differ approximately byp/3 (V254 V!.
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1584 56V. N. CHIZHEVSKY, R. CORBALÁN, AND A. N. PISARCHIK
controlled switchings in the bistability domain induced
the resonant perturbation also in the case of a constant
ing amplitude. For this purpose the technique of short-liv
losses perturbation was used@11#. Acting by single short-
lived loss perturbation we may switch from one attractor
the other one and vice versa. The effect of a short-lived l
perturbation is equivalent to a change in initial condition
This means that the system can be sent, instantaneous
compared to characteristic times of the system, from the
attractor to the basin of attraction of the second attractor
that the latter may appear in the response. In Fig. 9~a! we
show the initial 2T orbit without resonant perturbation a
frequencyf /2 with a short transient after the action~the ar-
row in Fig. 9! of a short-lived losses perturbation. For the
experimental conditions we found only one attractor. Af
turning on the resonant perturbation at the frequencyf /2,
bistability appears in the system. Figures 9~b! and 9~c! show
forward and reverse switchings between the two coexis
attractors which appeared instead of the primary attrac
Similar switchings were observed for wide ranges of valu
of the bifurcation parameter, and of the amplitudes a
phases of resonant perturbations.

FIG. 8. Experimental shift of the first period doubling bifurc
tion point as a function of the perturbation amplitudeV2 for w50.
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To conclude, we have shown that weak resonant per
bations fundamentally modify the nature~phase space! of
nonautonomous systems by splitting a primary attractor i
two new ones. We have also demonstrated that they sim
taneously produce a stabilizing effect on one attractor an
destabilizing effect on the other one. It is particularly r
markable that by introducing weak parametric perturbati
one obtains a completely different system, with the possi
ity to control at will the overlapping of dynamical regime
associated with new coexisting attractors, by changing
amplitude and the phase of resonant perturbations, as we
the bifurcation parameter. Switchings between these two
existing attractors can be easily produced using the techn
of short-lived large-amplitude perturbations as shown he
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the Generalitat de Catalunya. Financial support from
DGICYT ~Project No. PB95-0778-C02-02! is also acknowl-
edged.

FIG. 9. Experimental switchings between coexisting attract
in the bistability domain induced by the resonant perturbation at
frequency f /2. ~a! Initial state ~without perturbation atf /2), ~b!
forward switching, and~c! reverse switching.
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